This paper considers the problem of robust stability for a class of uncertain nonlinear quantum systems subject to unknown perturbations in the system Hamiltonian. The case of a nominal linear quantum system is considered with non-quadratic perturbations to the system Hamiltonian. The paper extends recent results on the robust stability of nonlinear quantum systems to allow for non-quadratic perturbations to the Hamiltonian which depend on multiple parameters. A robust stability condition is given in terms of a strict bounded real condition. This result is then applied to the robust stability analysis of a nonlinear quantum system which is a model of an optical parametric amplifier.
I. INTRODUCTION
In recent years, a number of papers have considered the feedback control of systems whose dynamics are governed by the laws of quantum mechanics rather than classical mechanics; e.g., see [1] - [13] . In particular, the papers [10] , [14] consider a framework of quantum systems defined in terms of a triple ( , , ) where is a scattering matrix, is a vector of coupling operators and is a Hamiltonian operator.
The papers [15] , [16] consider the problem of absolute stability for a quantum system defined in terms of a triple ( , , ) in which the quantum system Hamiltonian is decomposed as = 1 + 2 where 1 is a known nominal Hamiltonian and 2 is a perturbation Hamiltonian, which is contained in a specified set of Hamiltonians . In particular the papers [15] , [16] consider the case in which the nominal Hamiltonian 1 is a quadratic function of annihilation and creation operators and the coupling operator vector is a linear function of annihilation and creation operators. This case corresponds to a nominal linear quantum system; e.g., see [4] , [5] , [7] , [8] , [13] . The results in [15] , [16] have recently been extended to allow for uncertainties in the coupling operator [17] . Also, the results of [15] have been applied to the robust stability analysis of a quantum system which consists of a Josephson junction in a resonant cavity [18] . This work was supported by the Australian Research Council (ARC) and Air Force Office of Scientific Research (AFOSR). This material is based on research sponsored by the Air Force Research Laboratory, under agreement number FA2386-09-1-4089. The U.S. Government is authorized to reproduce and distribute reprints for Governmental purposes notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or implied, of the Air Force Research Laboratory or the U.S. Government.
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In the paper [15] , it is assumed that 2 is contained in a set of non-quadratic perturbation Hamiltonians corresponding to a sector bound on the nonlinearity. In this case, [15] obtains a robust stability result in terms of a frequency domain condition. Also, the paper [16] restricts attention to quadratic perturbation Hamiltonians. In this case, which corresponds to linear perturbed quantum systems, a frequency domain robust stability condition is also obtained.
An example considered in the paper [16] involves the robust stability analysis of a quantum system consisting of a linearized optical parametric amplifier (OPA). Optical parametric amplifiers are widely used in the field of experimental quantum optics; e.g., see [19] - [21] . In particular, they can be used as optical squeezers which produce squeezed light which has a smaller noise variance in one quadrature than the standard quantum limit. This is at the expense of a larger noise variance in the other quadrature; e.g., see [19] - [24] . Such an OPA can be produced by enclosing a secondorder nonlinear optical medium in an optical cavity; e.g., see [20] , [22] - [24] . Thus, an OPA is an inherently nonlinear quantum system. However, the paper [16] only dealt with linear perturbed quantum systems and thus the results of this paper could only be used to analyze the robust stability of a linearized version of the OPA. Furthermore the results of [15] on nonlinear perturbed quantum systems cannot be directly applied to the OPA system since the results of [15] only deal with scalar nonlinearities but the nonlinearity in the OPA model is dependent on two variables; e.g., see [20] , [21] . In this paper, we extend the result of [15] on the robust stability of nonlinear quantum systems to allow for non-quadratic perturbations in the Hamiltonian which depend on multiple variables. This enables us to analyze the robust stability of the OPA nonlinear quantum system.
The proofs of the main results of this paper can be found in the archive version of the paper [25] .
II. ROBUST STABILITY OF UNCERTAIN NONLINEAR QUANTUM SYSTEMS
In this section, we describe the general class of quantum systems under consideration. As in the papers [10] , [14] - [16] , [26] , we consider uncertain nonlinear open quantum systems defined by parameters ( , , ) where is the scattering matrix which is typically chosen as the identity matrix, L is the coupling operator and is the system Hamiltonian operator which is assumed to be of the form
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Here is a vector of annihilation operators on the underlying Hilbert space and # is the corresponding vector of creation operators. Also, ∈ ℂ 2 ×2 is a Hermitian matrix of the form
(2)
In the case vectors of operators, the notation † refers to the transpose of the vector of adjoint operators and in the case of matrices, this notation refers to the complex conjugate transpose of a matrix. In the case vectors of operators, the notation # refers to the vector of adjoint operators and in the case of complex matrices, this notation refers to the complex conjugate matrix. Also, the notation * denotes the adjoint of an operator. The matrix is assumed to be known and defines the nominal quadratic part of the system Hamiltonian. Furthermore, we assume the uncertain non-quadratic part of the system Hamiltonian ( , * ) is defined by a formal power series of the form
which is assumed to converge in some suitable sense. Here
is a vector of operators on the underlying Hilbert space defined by
Also, we write˜= ⎡
It follows from this definition of ( , * ) that
and thus ( , * ) is a self-adjoint operator. The term ( , * ) is referred to as the perturbation Hamiltonian. It is assumed to be unknown but is contained within a known set which will be defined below.
We assume the coupling operator is known and is of the form
.
The annihilation and creation operators are assumed to satisfy the canonical commutation relations:
; e.g., see [6] , [11] , [13] .
To define the set of allowable perturbation Hamiltonians (⋅), we first define the following formal partial derivatives:
and for given constants > 0,
and the condition ∑
Then we define the set of perturbation Hamiltonians as follows:
(⋅) of the form (3) such that conditions (9) and (10) are satisfied
Note that the condition (10) effectively amounts to a global Lipschitz condition on the quantum nonlinearity. As in [15] , [16] , we will consider the following notion of robust mean square stability.
Definition 1: An uncertain open quantum system defined by ( , , ) where is of the form (1), (⋅) ∈ , and of the form (5) is said to be robustly mean square stable if there exist constants 1 > 0, 2 > 0 and 3 ≥ 0 such that for any (⋅) ∈ ,
denotes the Heisenberg evolution of the vector of operators
; e.g., see [14] .
We will show that the following small gain condition is sufficient for the robust mean square stability of the nonlinear quantum system under consideration when (⋅) ∈ :
1) The matrix
where Σ =
] .
This leads to the following theorem. Theorem 1:
Consider an uncertain open nonlinear quantum system defined by ( , , ) such that is of the form (1), is of the form (5) and (⋅) ∈ . Furthermore, assume that the strict bounded real condition (13) , (14) is satisfied. Then the uncertain quantum system is robustly mean square stable. This theorem relies on the following lemma and definitions.
Lemma 1 (See Lemma 3.4 of [14] .): Consider an open quantum system defined by ( , , ) and suppose there exists a non-negative self-adjoint operator on the underlying Hilbert space such that
where > 0 and are real numbers. Then for any plant state, we have
In the above lemma, [⋅, ⋅] denotes the commutator between two operators. In the case of a commutator between a scalar operator and a vector of operators, this notation denotes the corresponding vector of commutator operators. Also, ( ) denotes the Heisenberg evolution of the operator and ⟨⋅⟩ denotes quantum expectation; e.g., see [14] .
We will consider quadratic "Lyapunov" operators of the form
where ∈ ℂ 2 ×2 is a positive-definite Hermitian matrix of the form =
Hence, we consider a set of non-negative self-adjoint operators defined as = { of the form (16) such that > 0 is a Hermitian matrix of the form (17) } .
(18) Note that the strict bounded real condition (14) can be simplified according the following lemma.
Lemma 2: The strict bounded real condition (14) is satisfied if and only if the following equivalent strict bounded real condition is satisfied:
III. ROBUST STABILITY ANALYSIS OF AN OPTICAL PARAMETRIC AMPLIFIER SYSTEM
In this section, the nonlinear quantum system under consideration is the model of an OPA. An OPA consists of an second-order nonlinear optical medium enclosed in an optical cavity. The second order nonlinear optical medium is referred to as a (2) medium and allows for coupling between a fundamental electromagnetic field and a second harmonic electromagnetic field; e.g., see [20] , [21] . The construction of an OPA is illustrated in Figure 1. A standard ( , , ) model for an OPA is as follows:
e.g. see [20] , [21] . Here 1 and 2 are the creation operators for the fundamental and second harmonic modes respectively. Also, 1 > 0 and 2 > 0 are parameters defining the reflectivity of the partially reflecting mirror at the fundamental and second harmonic frequencies respectively. Furthermore, > 0 is a parameter defining the strength of the (2) nonlinearity.
The Hamiltonian in this model is a non-quadratic Hamiltonian and so corresponds to nonlinear quantum system. The first term in the expression for 2 can be interpreted as the annihilation of two photons at the fundamental frequency and the creation of a single photon at the second harmonic frequency. Similarly, the second term in the expression for 2 can be interpreted as the annihilation of a single photon at the second harmonic frequency and the creation of two photons at the fundamental frequency.
We will apply the theory developed in this paper to analyze the robust stability of this nonlinear quantum system. We first attempt to apply the results of Theorem 1 directly to this quantum system. Hence, we let = 0 and ( , * ) =
where 1 = * 1 and 2 = * 2 . This defines a nonlinear quantum system of the form considered in Theorem 1 with
, 2 = 0, 1 = 0, 2 = . We now investigate whether this function (⋅) satisfies the conditions (9) and (10) . First we calculate
From this, we can immediately see that the conditions (9) and (10) will not be globally satisfied.
In order to overcome this difficulty, we first note that any physical realization of a (2) optical nonlinearity will not be exactly described by the model (20) but rather will exhibit some saturation of the nonlinear effect. In order to represent this effect, we could assume that the true function (⋅) describing the Hamiltonian of the OPA is such that the first two non-zero terms in its Taylor series expansion (3) correspond to the standard (2) Hamiltonian defined by (21) . Furthermore, we could assume that the true function (⋅) is such that the conditions (9) and (10) are satisfied for suitable values of the constants > 0, 1 ≥ 0, 2 ≥ 0. Here the quantity 1 will be proportional to the saturation limit.
An alternative approach to dealing with the issue that the conditions (9) and (10) will not be globally satisfied by the function (⋅) defined in (21) is to assume that these conditions only hold over some "domain of attraction" and then only conclude robust asymptotic stability within this domain of attraction. This approach requires a semiclassical interpretation of the function (⋅) since formally the operators 1 and 2 are unbounded operators. However, it leads to results which are consistent with the known physical behavior of an OPA in that it can become unstable and oscillate if the magnitudes of the driving fields are too large; e.g., see [21] . In practice, the true physical situation will combine aspects of both solutions which we have mentioned but we will concentrate on the second approach involving a semi-classical "domain of attraction".
In order to calculate the region on which our theory can be applied, we note that for our OPA model, the condition (9) will be satisfied if
We now consider the case in which ∥ 1 ∥ 2 > 1 4 2 2 . In this case, the condition (22) is equivalent to the condition
In the case that ∥ 1 ∥ 2 ≤ 1 4 2 2 , the left hand side of (22) is always negative and the right hand side of (22) is always positive. Hence in this case, the condition (22) will always be satisfied. Also, the condition (10) will be satisfied if
The conditions (23) and (24) define the region to which our theory can be applied in guaranteeing the robust mean square stability of the OPA system. This region is represented diagrammatically in Figure 2 . The constraints (23) and (24) can be interpreted as bounds on the average values of the internal cavity fields for which robust mean square stability can be guaranteed; see also [22] - [24] .
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which is Hurwitz for all 1 > 0 and 2 > 0. Thus, the condition (13) is always satisfied. Also, we calculate the transfer function matrix˜( − ) −1˜ † as
It is straightforward to show that this transfer function matrix has an ∞ norm of
} .
Thus, for this system, the condition (19) 
Hence, using Theorem 1 and Lemma 2, we can conclude that the OPA system (20) is robustly means square stable provided that the condition (25) is satisfied and Heisenberg evolution of the quantities 1 ( ) and 2 ( ) are such that the conditions (23) and (24) remain satisfied. Note that in most experimental situations, 2 ≥ 1 ; e.g., see [22] . This means that √ If we then equate 2 1 = 2 , we obtain = 4 1 which can be substituted into the right hand side of (23) to obtain an upper bound on the region for which the conditions (9) and (10) are satisfied. This region is defined by (24) and the inequality
Also, note that the region defined by (23) and (26) will only be an upper bound on a domain of attraction for the OPA system. To find an actual domain of attraction for this system, we would need to find an invariant subset contained in the region defined by (23) and (26) .
IV. CONCLUSIONS
In this paper, we have extended the robust stability result of [15] to the case of non-quadratic perturbations to the Hamiltonian which depend on multiple parameters. This led to a robust stability condition of the form of a multi-variable small gain condition. This condition was then applied the robust stability analysis of a nonlinear quantum system consisting of an OPA and the stability region for this system was investigated.
